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Shape Design for Thin-Walled Beam Cross Sections
Using Rational B Splines
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Shape optimization of thin-walled beams is discussed. The cross-sectional shape of the beam is described by
nonuniform rational Z?-spline curves. The optimization problem is defined in terms of cross-sectional properties
and stresses. Design variables are the control parameters of the rational B-spline curves and the wall thickness of the
beam. Cross-sectional properties and stresses are obtained from the elasticity solution for the beam. Consideration
of torsion and pure shear requires the solution of Laplace equations which is accomplished using finite elements.
A design sensitivity analysis is given for the cross-sectional properties and stresses. A sample problem is presented
to illustrate the formulations.

Introduction

IN the design of metal structures, thin-walled beams are important
elements. Optimization of these elements can lead to significant

cost reductions. This study was motivated by applications of thin-
walled beams in automobile design.1 However, its results are appli-
cable to other branches of metal structural design, such as aerospace
and ocean engineering. Figure 1 shows an example of a beam manu-
factured from two thin-walled parts which are welded together. Such
beams are members of a complex structure. The structure is analyzed
using finite beam elements, and the beam cross-sectional properties
and stresses can be found from the elasticity solution of the beam.
Optimization of the structure is performed to obtain certain strength
characteristics and a structural mass that is as low as possible. The
structural optimization problem may be expressed as follows.

Objective function:

W(p) =» min

Inequality constraints:

Equality constraints:

Side constraints:

g(P) < 0

h(p) = 0

P1<P<PU

(la)

db)

dc)

(Id)

The objective function W may be the beam cross-sectional area
or any other cross-sectional property. As constraints g/ e g, cross-
sectional properties or stresses may be applied. Here, the shape of the
beam cross section will be modified to obtain an optimal structural
design. Hence, the design variables PJ e p are values describing
the shape of the cross section. The equality constraints describe
dependencies of design variables. The side constraints, which are
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inequalities, on the design variables are treated separately. Either
the objective function or constraints may be the result of further
computation based on the cross-sectional properties, such as re-
sponses computed from a finite element analysis to which beam
cross section properties were provided as input.

Analysis of the design process indicates that major contributions
to the design are created by computer-aided design (CAD) tools.
The final design is analyzed using numerical procedures such as fi-
nite elements. Currently, separate preprocessors for the definition
of the numerical models are used. Design optimization and design
sensitivity analysis is then based on the numerical model. It appears
that in practice different geometry definitions are used for design,
analysis, and optimization. But the internal definition of the design
geometry in CAD systems is based on geometric elements which are
also useful in numerical analysis and design. In particular, nonuni-
form rational B splines (NURBs), a special type of B splines, are
widely used for this purpose.2 They have been implemented recently
in CAD systems and product data interfaces of several automo-
bile manufacturers.3 Here, the approach to the connection of CAD
with analysis and optimization is to use the geometric definition of
CAD also in the numerical models for analysis and optimization.
Bezier-and B -spline curves and surfaces have been successfully ap-
plied in shape optimal design for the numerical description of the
structural shape.4"8 The subject of this presentation is the applica-
tion of the description of the cross-sectional shape of thin-walled
beams using NURB curves. The cross-sectional shape will be mod-
ified changing the shape of the defining NURB curves. Hence, the
control parameters of the NURB curves are the design variables.
Additionally, the wall thickness will serve as a design variable.

This presentation will be restricted to shape optimization of the
cross section of cantilever beams with the load applied on the
free end only. If the beam is included in a more complex frame struc-
ture, the changes of the loads due to changes in the cross-sectional
shape of structural members may have to be taken into consideration.

Analysis of Thin-Walled Beams
The analysis of the thin-walled beam will be accomplished using

the elasticity solution for the beam.9'10 In this section the stresses
and cross-sectional properties of the beam will be given. Both can
be used as objectives and constraints in the optimization problem of
Eq. (1).

Figure 1 shows the problem to be solved. The coordinate system
is chosen with its origin at the centroid of the cross section of the
clamped end; x is the axial coordinate and y, z are the cross-sectional
coordinates. The cross-sectional axes may be of arbitrary orienta-
tion. The loads are the torsional moment Mx and the components
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Fig. 1 Thin-walled beam.

Vy and Vz of the shear force V that may be applied to a point of the
cross section such that they cause no additional torsion. No body
forces are applied. The material of the beam is linearly elastic, ho-
mogeneous, and isotropic, with Young's modulus E, Poisson's ratio
v, and shear modulus G = E/2(l + v). The stresses cry
rz are zero.

, crzz and

Stresses
According to Ref. 9 the shear stresses in beams can be determined

from the elasticity equations. The normal stresses axx due to bend-
ing follow from the kinematic assumptions of the Euler-Bernoulli
theory. They are

(2)

where the matrix 5 contains the moments of inertia Iqr, S = {Iqr} =
{fA qr dA}, q, r = y, z. The shear stresses r — [ r x y , TXZ] can be
obtained from the compatibility equations,9 leading to

- gz)Vz] (3)

where i/sq, q — x , y , z, often called warping functions, are functions
of y and z, and <// is the rate of angle of twist of the centroidal beam
axis. The vectors gq are

-[_;]
gy~

Sz =

0
v)z2-vy2

(5)

i r a +
EdetS (1 + v)z2 - vy2 I M

(6)

Introduction of the stresses into the equilibrium relationships yields
three independent Laplace equations,

- V 9 = 0 , q=x,y,:

The corresponding boundary conditions

q=x,y,z

(7)

(8)

follow from the condition that the boundary of the cross section is
traction free. The vector h is the outward directed normal on the
boundary.

Cross-Sectional Properties
Beam cross-sectional properties can be separated into those that

depend on warping functions and those that do not. The latter are the
cross-sectional area A, the moments of inertia I y y , Iyz, and Izz and
the centroid of the cross section c = [cy, cz}. The other properties
are the torsional constant /,, the shear deformation coefficients otyy,

ctyz, and azz and the shear center s — [sy, sz}. These quantities can
be found from the strain energy Ur due to torsion and pure shear.
The strain energy Ur can be written as

(9)

Introduction of rxy and rK of Eq. (3) leads to

(10)
with the constants

aqr= I (V^fV^dA- I
JA JA

grgqdA, (11)

From this, the torsional constant appears as It = axx, the shear
deformation coefficients are ctqr — G2Aaqr, q,r — y, z, and the
coefficients that account for the coupling of pure shear and torsion
are Gaxz and Gaxy. Consideration of the equilibrium of moments
leads to the shear center s and to the rate of angle of twist (f>r

x.

Finite Element Solution
Because of its applicability to any cross-sectional shape, a finite

element method is preferred here to solve Eqs. (7). Using Galerkin's
method, the elementwise approximation ̂  = Nde

q, q = x, y, z,
leads to

(12)

with

/

+ ! /» + !

/ Br

i J-i

«2 =11 {BTg, + NTVTgq } det J df dr,
J-i J-i

(14)

The matrix B is defined as B = VN. The scalar det / is the deter-
minant of the Jacobian /. Compatibility of the nodal values of de

leads to three systems of linear equations,

=fq (15)

which can be solved simultaneously since they all have the same
coefficient matrix. For each element in derivatives Vi/rq may be
calculated from

Vi//q = Bde (16)

Then, stresses and cross-sectional properties follow. To get the nodal
stresses, the nodal derivatives VT/^ are extrapolated from the Gauss
points using the shape functions TV and then averaged at the nodes.
From Eq. (15), the coefficients aqr, q, r = x, y, z appear as

r\ — aqr2

with

aqrl=dT
qKdr, I

JA
«=\£

(17)

(18)

The area integrals that are necessary to obtain some cross-sect-
ional properties are calculated from the element integration scheme.

Description of the Structural Shape
The shape of the thin-walled cross section is determined by NURB

curves and the wall thickness t (Fig. 2). Additional information is
the number of finite elements along the length of the spline, /zy, and
through the thickness, //,„.
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NURB curve

Fig. 2 Beam cross section.

Nonuniform Rational B Splines
The position vector r(y) = [ry, rz] of a point of a rational B-

spline curve of the order x is defined as a linear combination of m
verticesPJ = {pjy, pjz]

(19)

using

(20)
q = \

with the #-spline basis bjx(y) obtained from a recursion
formula.2-8'11 The values Wj are weights assigned to the vertices
such that a vertex has a fourth coordinate in addition to its three
physical coordinates. The dimensionless quantity y is the parameter
of the curve. It can take all values between zero and y = m — x +1 •
The vertices p} form the defining polygon. In the case where all
weights Wj are equal to one, rational B -spline curves are identical
to nonrational B splines. NURB curves have the following charac-
teristics. 1) The curve lies in a convex hull of the vertices. 2) The
curve is invariant under an affine transformation. 3) The tangents
of the initial and final points are defined by the first and the last
edge, respectively, of the defining polygon. 4) The position vector
r(y) and its derivatives up to order x — 2 are all continuous over
the entire curve. The NURB curve can be altered by changing the
number and/or position of the vertices of the defining polygon, by
changing the weights Wj, by changing the order x, and by the use
of repeated vertices (Fig. 3).

For the definition of the finite element mesh the derivatives of the
curves with respect to the parameter y are necessary. Differentiation
ofEq. (19) leads to

(21)
3yn

with

It will be agreed that bjx stands for bjx. Again, the derivatives of
the B -spline basis b^x are obtained from a recursion formula. From
the derivative r'(y) = r(1)(y) of Eq. (21), the normal unit vector
n(y) on the curve at the point r(y) is obtained. If the cross section
is defined in an arbitrary coordinate system y, z, the transformation

= [y,z}=r (23)

must be applied, where c = {cy,cz} is the centroid of the cross
section defined in the y, z system (Fig. 2).

2

z

1.5

0.5

0.5 1.5 y 2

Fig. 3 NURB curves: solid line, x = m = 4,wy- = 1; dashed line,/?2
moved top*; dotted line, w2 = 4; dash-dot line,/?2 used twice; thinner
lines, defining polygons.

n(y)
NURB curve

Fig. 4 Finite element mapping, £„ = 1.

Finite Element Mapping
Based on the line element formulation of Ref. 12, special finite

elements were developed in an earlier investigation for the analysis
and optimization of thin- walled structures using NURB curves.13

For those finite element models only one element layer through the
wall thickness was used to model the cross section. This methodol-
ogy is very convenient if cross-sectional properties are used as con-
straints, but if stresses are required, these models are not sufficient.

Here, biquadratic Lagrange type shape functions, which lead to
a nine node element with one degree of freedom per node, will
be used. The element mapping is isoparametric. The elements will
be mapped such that the NURB curve r(yk) defines the centerline
of the wall (Fig. 4). Then, the nodal coordinates of the element
?y, ?„, fy e (1, /zx), ?B e (1, /XB> are given by

- 3)/2fin]t - c (24)

with

X* = [(2fy + k - 3)/2/xy]ym kj = 1,2,3 (25)

More elements are concentrated in those portions of the curve with
large curvature. This is because the parameter y, which defines the
finite element mesh, is not evenly distributed over the curve. If the
curvature ic(yk) is larger than 2/t, i.e.,

(26)

Eq. (24) cannot be used to define the nodal coordinates of the fi-
nite element mesh. In this case the domain will be meshed using
predefined mesh features. Also, when connecting two or more B
splines without C1 continuity, predefined mesh features are used.
More details about these features can be found in Ref. 14.

The isoparametric element mapping function appears as

xT=NXe, (27)

with x* from Eq. (24). The shape functions N for the nine node
element are well established.15
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Optimization Solution
In connection with beam cross-sectional shape optimization, sev-

eral optimization problems can be posed. Here, only the behavior
of a single structural member is included. Two classes of problems
will be distinguished. The first is the application of cross-sectional
properties as constraints and objective function. Then, the mass
minimization appears as follows.

Objective:

Constraints:

a'<aqr(p)<a"

(28a)

(28b)

(28c)

where A is the cross-sectional area, and Iqrtq,r = y, z\ aqr, q, r =
jc, y, z are the cross-sectional properties defined earlier. The max-
imization of the torsional constant It and other stiffness parame-
ters with a prescribed cross-sectional area A belongs to the same
class of problems. The second class of optimization problems that
can be solved efficiently using this methodology is mass minimiza-
tion under stress constraints. These problems can be expressed as
follows.

Objective:

A(p) =$ min

Constraints:

ru - 1 I <0

(29a)

(29b)

where r, max is the maximum tangential shear stress on the boundary
of the cross section. Additionally, side and equality constraints may
apply.

Based on the mapping technique described earlier, the param-
eterization for shape optimization is quite simple. Techniques for
altering rational B -spline curves can be used directly for changing
the shape of the cross section to obtain an optimal solution. Design
variables PJ e p of the optimization problem are the coordinates
Pjp 6 pj and weights Wj of the vertices of the defining polygons
of the NURB curves. The convex hull property of rational #-spline
curves leads to a simple formulation for physical constraints on
the shape of the structure that has to be optimized, i.e., each con-
straint applied to the vertex coordinates also applies to the structural
geometry.

An efficient way to obtain the solution of shape optimization
problems is to use approximation methods. These methods use se-
quential solutions of approximate optimization problems to obtain
the solution of the general structural optimization problem of Eq. (1).
In the literature a wide variety of such methods can be found.16 The
optimization problem will be solved using convex linearization and
a dual optimization method.17"19 The iteration will be stopped if the
relative change in the objective function is less than a given ew and
the constraints are fulfilled within a vicinity of eg.

To reduce the numerical effort of the optimization process, equal-
ity constraints will be eliminated. These constraints will be lin-
earized and then resolved. The design variables are separated into
free and dependent variables/?/ and/?^, respectively.20 Then, the
equality constraints in Eq. (1) appear as

\Hd Hf}

Resolution leads to

pf=H-f
l[h-HllP<l]

(30)

(31)

The matrix Hf is invertible if the equality constraints are consis-
tent. To introduce the equality constraints into the approximate

optimization problem, the partial derivatives of the objective and
the constraints have to be replaced by the total derivatives with re-
spect to the free design variables, which for the constraint g, are
given by

3pf
(32)

Sensitivity Analysis
For the formulation of the approximate optimization problem,

the derivatives of the objective and constraints with respect to the
design variables have to be calculated. Since the stresses and cross-
sectional properties are given explicitly using the results of the finite
element solution, the design sensitivities will be obtained analyti-
cally. Design variables are the vertex coordinates pj and weights Wj
of the NURB curves that define the shape of the cross section and
the wall thickness.

Derivatives d/dpj with respect to the design parameter PJ will be
marked by the subscript, j. To distinguish them from other deriva-
tives, they will be called design derivatives.

Finite Element Equation
Express the derivatives of the element equation of Eq. (12) as

Kede
q j =fgj — Kjde

q (33)

where the derivatives of the element matrix Ke can be obtained from

ri (34)
J-\ J-i

with the abbreviation
ivw n .

(35)

pj=_f+l r
J-i J-i

1 L- '-n jet/ • -

and the derivatives of the element vector/!1 are

/

+1 /»+1
/ [BTai -NTVTa2] det/d£ drj

i J-i
(36)

with

gq -

[detj]t;
det/ gq+gq (37)

Both Eqs. (34) and (36) can be further simplified. From the definition
of the matrix B and the mapping function of Eq. (27), a matrix

A2=J-{Jj=BXej (38)

can be established, where Xe• is the design derivative of the ele-
ment nodal coordinates of Eq. (44). The matrix Xe• is also called
the design velocity field. Since two-dimensional elements are used,
a simpler expression for [det/]j can be found from Eq. (38).
Then,

[det/],;
detj = AH + A22 (39)

where An , A22 are the main diagonal coefficients of the matrix A2
ofEq. (38).

Introduction of nodal compatibility of the design derivatives dq j
leads to the system equation

dJ =fqj ~ (40)

If Cholesky's method is used to solve Eq. (15), the matrix K does
not have to be factored again. Finally, the design derivatives of the
gradient of i/sq are obtained from

q=X,y,z (41)
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Design Velocity Field
To complete the design sensitivity analysis for the finite element

equations, the design velocity field XK- remains to be determined.
This can be found by differentiating the nodal coordinates given by
Eq. (24).

First, the derivatives with respect to the vertex coordinates and
weights of the defining NURB curves will be given. For the element
fy , ?B, Cx € (1, fly}, ?„ € (1, iin) they are found as

- 3
t -c = 1,2,3 (42)

using y* ofEq. (25).
The design derivatives of the position vector r and its derivatives

r(/7) with respect to the vertex coordinates PJ and weights Wj are
found by differentiating Eqs. (19) and (21), respectively.8'13 Then,
also the design derivative n j of the normal vector on the curve can
be determined.

If the wall thickness t is the design variable, the design derivatives
of the nodal coordinates of the element ?y, ?„, ?y 6 (1, /xy), £„ e
(1, (in) appear as

*3(*-i)+/,/ = kj = 1,2,3 (43)

Note that a change of the wall thickness can force a change of the
vertices of the defining NURB curves as, for example, for the beam
of Fig. 1 at the welded parts. These dependencies can be introduced
through equality constraints. With the derivatives of Eqs. (42) and
(43), the design velocity field follows from

(44)

For predefined mesh features used for areas with high curvature
or for connections of B -spline curves, the design velocity field is
computed analytically from the definition of the features.14

Cross-Sectional Properties and Stresses
The derivatives of the coefficients aqr, q,r = x,y,z, and the

shear center sq,q = y, z, are efficiently obtained using the adjoint
variable method.21 These coefficients result from the sum of scalars
of Eq. (17). For the quantities aqr\ and aqr2 of Eq. (18), an adjoint
equation can be found. The adjoint equation for scalar aqr\ is the
same as the finite element equation of Eq. (15), i.e., the adjoint
variables are the solution of the finite element equation. For the
scalar aqri the adjoint equation is

=fqi (45)

which can be solved simultaneously with Eq. (15). The right-hand-
side vector/^ follows from the vector/, of Eq. (14). From this, it
can be seen that

and

[/rlJ - Kjdr]

(46)

(47)

Notice, that in case/^ =/*, Eq. (45) is the same as Eq. (15). Hence,
vx — dx. The numerical effort can be further reduced, if Eqs. (46)
and (47) are calculated at the element level. Then,

(48)

The derivatives of the area integrals, like <V3,;, q,r = Jt, y, z,
.-/.4' r — ?» z are obtained from

+1 *+1r+1 /*
_, /_,

det/ (49)

The design derivatives of the stresses have to be calculated by
direct differentiation.21 These derivatives are given by

y,j -S*,;)^ + (v^,7 -ftj)^ (5°)
To obtain Vi/^j, g = v, z, the system of Eqs. (40) has to be solved.

Numerical Example
A beam structure similar to Fig. 1 will be solved to demonstrate

the technique described here. A similar example was used in Ref. 13.
The sample beam is made of two welded parts. The NURB curves
that define the cross-sectional shape and their defining polygons
are shown in Fig. 5. The upper part of the shape is defined by a
sixth-order NURB curve with two second-order curves on the ends,
and the lower part is defined by a seventh-order NURB curve also
with two second-order curves on the ends. The walls are modeled
using three elements through the thickness. Along the NURB curves,
the second-order curves were discretized by 6 elements each and the
higher order curves by 50 elements each. Both parts are welded at
the straight ends. Welding points are the nodes of the elements.
The initial wall thickness is constant, t = 2.0. All weights u;/ of
the NURB curves were initially given as tu/ = 1. The vertical side
constraints are given by the broken lines in Fig. 5. An additional
side constraint was imposed to prevent the structure from touching
the point (50,100).

Four different sets of design variables that were selected are sum-
marized in Table 1. The numbers of the vertex coordinates and
weights refer to Fig. 5. The quantity tu is the wall thickness of the
upper part of the beam. Note that if tu is employed, the vertices
which define the welded ends of the upper part have to be used as
additional design variables.

The optimal solutions were obtained using convex linearization
with a dual optimization method. Specifics of the algorithm were
given in Ref. 22. The solution cycle was interrupted after jmax itera-
tions if the change in the objective function was less than 0.1% and
the constraints were fulfilled within the same margin.

Three cross-sectional shape optimization problems are posed.
First, the cross-sectional area is the two be minimized with con-
straints on the moments of inertia and torsional constants. The prob-
lem is given by

A =>• min
Iyy > 0.120 107 units
hz > 0.035 107 units
I, >0.120 107 units

(51)

Table 1 Sets of design variables (DV)

Variant

A
B
C
D

Design variables

Pjy J ~ 1' 2' Pjz> 7 = 1, . . . , 5, tu
Pjy> J = !> 2> P;Z' W7' 7 = 1, • . . , 5

pjyj = l,2,pjz,j = 1.. . . .5

Free DV Total DV

13 21
8 16

12 12
7 7

150

100

50

50 100 150

Fig. 5 Example, NURB curves and defining polygons of the initial
design.
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Table 2 Results of the problem of Eq. (51)

Initial B

A
It [107]
lyy [107]
izz [io7]

660.1 596.1 665.6 697.1 711.7
0.0794 0.1200 0.1200 0.1200 0.1200
0.1182
0.0328

0.1200
0.0599

0.1200
0.0625
7

0.1288 0.1273
0.0538 0.0603
5 4

Table 3 Results of the problem of Eq. (52)

It [IO7]
A
Jmax

Initial

0.0794
660.1

A

0.1883
700.0

12

B

0.1279
700.0

8

C

0.1234
700.0

8

D

0.1108
700.0

6

50 150

Fig. 6 Example, results of the problem of Eq. (51); optimal shapes,
centerline of the NURB curves: ————, initial; ——, A; - - - - - , B;

150

100

50

50 100 150

Fig. 7 Example, results of the problem of Eq. (52); optimal shapes,
centerline of the NURB curves: ————, initial; ——, A; - - - - - , B;

Figure 6 shows the shapes of the final and initial designs. The prop-
erties of the optimal solutions of this problem are given in Table 2.
Second, the torsional constant is to be maximized under a prescribed
cross-sectional area of 700.0 units. Hence, the problem reads

It =$ max
A = 700.0 units

(52)

The results are summarized in Fig. 7 and Table 3. Third, the cross-
sectional area is to be minimized with a constraint on the maximum
tangential shear stress. The beam is loaded with a torsional moment
Mx = 100 units. The optimization problem appears as

A =>• min
< 0.5 10~2 units (53)

No feasible design configuration could be found for sets B and D of
design variables. Figure 8 and Table 4 summarize the results.

Table 4 Results of the problem of Eq. (53)

Initial A C

A
T/max [10~2]
It [IO7]
*n«

660.1
0.8523
0.0794

715.7
0.5000
0.1911

11

749.6
0.5000
0.1714
5

150

100

50

50 100 150

Fig. 8 Example, results of the problem of Eq. (53); optimal shapes,
centerline of the NURB curves: ————, initial; ——, A; — —, C.

Concluding Remarks
A geometry-based approach for the optimal shape design of thin-

walled beam cross sections was presented. The geometric descrip-
tion of the cross-sectional shape with NURB curves was directly
applied to the geometric definition of the finite element model. Pa-
rameterization of the structural shape was realized using the control
of NURB curves. The thickness of the wall was included as a de-
sign variable. The direct application of NURB curves, which are
important elements in CAD, for the description of the computa-
tional model makes the methodology attractive for coupling finite
element analysis and optimization with CAD. Since the original
structural geometry was modified during the optimization process,
the results of the optimization can be transferred back into the CAD
system easily. The use of rational B splines provides the opportunity
to include vertex weights into the design space. The variety of func-
tions that are available for the description of the design is extended
into the space of rational functions. If simple B splines are used, the
design space is a polynomial space. Using NURB curves a greater
variety of design variables in available for shape optimization. That
was demonstrated by the numerical example. Because of the expan-
sion of the design space, the inclusion of rational functions for the
shape definition led to further design improvements.

The methodology included three types of design variables for the
optimization of thin-walled beam cross sections, vertex coordinates,
vertex weights, and the wall thickness. The particular choice by
the designer as to which design variable to include must be made
according to the needs of the design and the availability of such
control parameters in the tools actually used for the design. This
paper provides methodology for improving the design of thin-walled
beam structures which can be used in many applications.
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